2-LOCAL DERIVATIONS ON MATRIX ALGEBRAS OVER 
COMMUTATIVE REGULAR ALGEBRAS 



SH. A. AYUPOV, K. K. KUDAYBERGENOV, AND A. K. ALAUADINOV 

Abstract. The paper is devoted to 2-local derivations on matrix algebras 
over commutative regular algebras. We give necessary and sufficient conditions 
on a commutative regular algebra to admit 2-local derivations which are not 
derivations. We prove that every 2-local derivation on a matrix algebra over a 
commutative regular algebra is a derivation. 



1. Introduction 

Given an algebra A, a linear operator D : A ^ A is called a derivation, if 
D{xy) = D{x)y + xD{y) for all x,y & A (the Leibniz rule). Each element a & A 
implements a derivation Da on A defined as Da{x) = [a, x] = ax—xa, x & A. Such 
derivations Da are said to be inner derivations. If the element a, implementing 
the derivation Da, belongs to a larger algebra B containing A, then Da is called 
a spatial derivation on A. 

If the algebra A is commutative, then it is clear that all inner derivations are 
trivial, i.e. identically zero. One of the main problems concerning derivations is 
to prove that every derivation on a certain algebra is inner or spatial, or to show 
the existence on a given algebra of non inner (resp. non spatial) derivations, in 
particular the existence of non trivial derivations in the commutative case. 

In the paper [9] A. F. Ber, V. I. Chilin and F. A. Sukochev obtained necessary 
and sufficient conditions for the existence of non trivial derivations on regular 
commutative algebras. In particular they have proved that the algebra L°(0, 1) 
of all (equivalence classes of) complex measurable function on the (0, 1) interval 
admits non trivial derivations. It is clear that such derivations are discontinuous 
and non inner. We have conjectured in [1] that the existence of such "exotic" 
examples of derivations is closely connected with the commutative nature of these 
algebras. This was confirmed for the particular case of type I von Neumann alge- 
bras in [1], moreover we have investigated and completely described derivations 
on the algebra LS{M) of all locally measurable operators affiliated with a type I 
or a type III von Neumann algebra M and on its various subalgebras [5]. 

There exist various types of linear operators which are close to derivations 
[14,17,21]. In particular R. Kadison [11] has introduced and investigated so- 
called local derivations on von Neumann algebras and some polynomial algebras. 

A linear operator A on an algebra A is called a local derivation if given any 
X & A there exists a derivation D (depending on x) such that A(a;) = D{x). 
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The main problems concerning this notion are to find conditions under which 
local derivations become derivations and to present examples of algebras with 
local derivations that are not derivations. In particular Kadison [14] has proved 
that each continuous local derivation from a von Neumann algebra M into a dual 
M-bimodule is a derivation. In [12] it was proved that every local derivation on 
the algebra M„(i?) is a derivation, where Mn{R) is the algebra of n x n matrices 
over a unital ring R containing 1/2. 

In [13], B. E. Johnson has extended Kadison's result and proved that every local 
derivation from a C*-algebra A into any Banach ^-bimodule is a derivation. He 
also showed that every local derivation from a C*-algebra A into any Banach 
^-bimodule is continuous. In [2] local derivations have been investigated on the 
algebra S{M) of all measurable operators with respect a von Neumann algebra 
M. In particular, it was proved that for finite type I von Neumann algebras 
without abelian direct summands every local derivation on S{M) is a derivation. 
Moreover, in the case of abelian von Neumann algebra M necessary and sufficient 
conditions have been obtained for the algebra S{M) to admit local derivations 
which are not derivations. 

In 1997, P. Semrl [21] introduced the concepts of 2-local derivations and 2- 
local automorphisms. A map A : A ^ A (not linear in general) is called a 2-local 
derivation if for every x,y & A, there exists a derivation D^^y : A ^ A such that 
A{x) = Dx,y{x) and A(y) = Dx,y{y)- Local and 2-local maps have been studied 
on different operator algebras by many authors [2, 7, 12, 14, 15, 17-23]. 

In [21], P. Semrl described 2-local derivations and automorphisms on the alge- 
bra B{H) of all bounded linear operators on the infinite-dimensional separable 
Hilbert space H. A similar description for the finite-dimensional case appeared 
later in [15]. Recently in [6] we have considered 2-local derivations on the al- 
gebra B{H) of all linear bounded operators on an arbitrary (no separability is 
assumed) Hilbert space H and proved that every 2-local derivation on B{H) is a 
derivation. This result has been extended to arbitrary semi-finite von Neumann 
algebras in [4]. J. H. Zhang and H. X. Li [23] described 2-local derivations on 
symmetric digraph algebras and constructed a 2-local derivation which is not a 
derivation on the algebra of all upper triangular complex 2 x 2-matrices. 

This paper is devoted to 2-local derivations on matrix algebras over commuta- 
tive regular algebras. 

Section 2 is devoted the problem of existence of 2-local derivations which are 
not derivations on algebras of measurable operators. We consider this problem on 
a class of commutative regular algebras, which include the algebras of measurable 
functions on a finite measure space (Theorem 2.8). 

In section 3 we consider 2-local derivations on matrix algebras over commuta- 
tive regular algebras. We prove that every 2-local derivation on a matrix algebra 
over a commutative regular algebra is a derivation (Theorem 3.3). 

2. 2-LOCAL DERIVATIONS ON COMMUTATIVE REGULAR ALGEBRAS 

Let ^ be a commutative algebra with the unit 1 over the field C of complex 
numbers. We denote by V the set {e & A : = e} of all idempotents in A. For 
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e, / G V we set e < / if e/ = e. With respect to this partial order, to the lattice 
operations eV/ = e + / — e/, e A f = ef and the complement = 1 — e, the 
set V forms a Boolean algebra. A non zero element q from the Boolean algebra 
V is called an atom if 7^ e < g, e G V, imply that e = g. If given any nonzero 
e G V there exists an atom q such that q < e, then the Boolean algebra V is said 
to be atomic. 

An algebra A is called regular (in the sense of von Neumann) if for any a & A 
there exists b E A such that a = aba. 

Further, we shall always assume that ^ is a unital commutative regular algebra 
over C, and that V is the Boolean algebra of all its idempotents. In this case 
given any element a E A there exists an idempotent e G V such that ea = a, 
and if ga = a, g E V, then e < g. This idempotent is called the support of a and 
denoted by s(a). 

Suppose that /i is a strictly positive countably additive finite measure on the 
Boolean algebra V of idempotents in A and consider the metric p(a, b) = /i(s(a — 
b)), a,b E A, on the algebra A. From now on we shall assume that {A, p) is a 
complete metric space (cf. [9]). 

Example 2.1. The most important example of a complete commutative regular 
algebra {A, p) is the algebra A = L°(f2) = L°(fi, S, /i) of all (classes of equivalence 
of) measurable complex functions on a measure space {Q, S,/i), where p is finite 
countably additive measure on S, and p{a, b) = p{s{a — b)) = p{{uj G Q : a{ijj) 7^ 
b{u))}) (see for details [3, Lemma] and [9, Example 2.5]). 

Remark 2.2. If {Q, S, /i) is a general localizable measure space, i.e. the measure p 
(not finite in general) has the finite sum property, then the algebra L°(f2, S, p) is 
a unital regular algebra, but p(a, b) = p{s{a — b)) is not a metric in general. But 
one can represent f2 as a union of pair-wise disjoint measurable sets with finite 
measures and thus this algebra is a direct sum of commutative regular complete 
metrizable algebras from the above example. 

Following [9] we say that an element a G ^ is finitely valued (respectively, 

n 

countably valued) if a = ^ akCk, where at G C, Ck G V, CkCj = 0, k j, k,j = 

k=l 

UJ 

l,...,n, n G N (respectively, a = ^ OfcCfc, where G C, G V, CkCj = 

k=l 

0, k ^ j, k,j = 1, ...,u, where a; is a natural number or 00 (in the latter case 
the convergence of series is understood with respect to the metric p)). We denote 
by K(V) (respectively, by KdV)) the set of all finitely valued (respectively, 
countably valued) elements in A. It is known that V C -R'(V) C -K'c(V), both 
K^V) and K^CV) are regular subalgebras in A, and moreover the closure of -R'(V) 
in {A, p) coincides with Kc(V) (see [9, Proposition 2.8]). 

Further everywhere we assume that ^ is a unital commutative regular algebra 
over C and pis a. strictly positive countably additive finite measure on the Boolean 
algebra V of all idempotents in A. Suppose that A is complete in the metric 
p(a, b) = p{s{a — b)), a,b E A. 

It is well-known [9] that the algebra A admits a non- zero derivation if and only 
if Kciy) 7^ A. Note that 5|x^(v) = for any derivation 6 on A. 
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First we recall some further notions from the paper [9]. 

Let B he a. unital subalgebra in the algebra A. An element a G ^ is called: 

- algebraic with respect to B, if there exists a polynomial p G B[x] (i.e. a 
polynomial on x with the coefficients from B), such that p{a) = 0; 

- integral with respect to B, if there exists a unitary polynomial p G B[x] (i.e. 
the coefficient of the largest degree of x in p{x) is equal to 1 G such that 
p{a) = 0; 

- transcendental with respect to B, if a is not algebraic with respect to B] 

- weakly transcendental with respect to A, if a ^ and for any non-zero idem- 
potent e < s(a) the element ea is not integral with respect to B. 

Integral closure of a subalgebra B is the set of all integral elements with respect 
to B; is denoted as B^'^K It is known (see e.g. [10]) that S*^*) is also a subalgebra 
in A. 

Further let ^ be a unital commutative regular algebra over C and let fi be 
a strictly positive countably additive finite measure on the Boolean algebra V 
of all idempotents in A. Suppose that A is complete in the metric p(a, b) = 
/i(s(a — &)), a, 6 G A. 

Lemma 2.3. Let B be a regular p-closed subalgebra in A such that V G B = 
, where S*-*-* is the integral closure of B. Then for every a E A there exists 
idempotent Ca G V such that 
i) Caa G B; 

a) if Ga ^ 1 then (1 — ea)a is a transcendental element with respect to B. 
Proof. Put 

Va = {eeV : eae B}. 

Take €1,62 G Va, i.e. eia, 620 G B. Since V C i3 it follows that A 62)0 G B. 
Further is a subalgebra and therefore 

(ei V 62)0 = CiO + A 62)0 G B, 

i.e. ei V 62 G Vq. 
Denote 

ea = V'^- 

Since V is a Boolean algebra with the finite measure /i there exists a sequence of 
idempotents {e„}„gN in Va such that \J Cn = e^. Since e„a G S it follows that 

m 

V e„a G B for all m G N. It is clear that 

n=l 

lim p W e„a, e^a 0. 

\n=l J 

Since B is p-closed it follows that G B. 

Now we suppose that 7^ 1. Let 7^ e < . If ea is an integral element with 
respect to B then by the equality B = B^^^ we have that ea G B, i.e. e < Ca, 
which contradicts with ^ e < c^. Thus is a weakly transcendental element 
with respect to B. The proof is complete. □ 
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Now recall the definition of algebraically independent subset over commutative 
regular algebras (see for details [10]). 

Let F[xi, . . . , Xn] be the algebra of all polynomials of n variables over a field F. 
A monomial q{xi, . . . , x„) is said to be included to a polynomial p{xi, . . . , x„) G 
F[xi, . . . , Xn], if the natural representation of p{xi, . . . , x„) as a sum of monomials 
with non zero coefficients contains the monomial q (natural representation means 
such representation that any two different monomials have different degrees of 
variables) . 

Let ^ be a commutative regular algebra over the field F. A subset Ai is called 
algebraically independent if for any oi, . . . , a.„ G Ai, e G V, p G F[xi, . . . , Xn] 
the equality ep{xi, . . . ,Xn) = implies that eq{xi, . . . ,Xn) = 0, where q G 
F[xi, . . . , Xn] is an arbitrary monomial included to the polynomial p. 

If ^ is a field then this definition coincides with the well-known definition 
algebraically independence of subsets over the field. 

Note that in the case of /-algebras the notion of algebraic independence of 
subsets coincides with the algebraic independence of subsets introduced by A.G. 
Kusraev in [16]. 

Lemma 2.4. Let a,b & A and let s{a) = s{b) = 1. // the subset {a,b} is alge- 
braically independent then the subset {a, a + b} is also algebraically independent. 

Proof. Suppose that {a, a + 6} is not algebraically independent. Then by [10, 
Proposition 4] it follows that a + 6 is not weakly transcendental element with 
respect to the subalgebra F{a, V), generated by the element a and V. Therefore 
there exists a non zero idempotent e < s{a + b) such that e(a + b) is an integral 
element with respect to F{a, V), i.e. there are elements ci, C2, ■ ■ ■ ,Cn G F{a, V) 
such that 

(e(a + b))"" + ci(e(a + 6))""^ + . . . + c„_i(e(a + b)) + c„ = 0. 

By decomposing {e{a + b))^ , k = 1, n, the last equality can be represented in the 
form 

(e6)" + di(e6)"-i + . . . + dn-iieb) + rf„ = 0, 

where di,d2, ■ ■ ■ ,dn G -F(a, V). This means that eb is an integral element with 
respect to F{a, V). Since s{a) = 1 it follows that b is not weakly transcendental 
with respect to F{a, V). 

On other hand, since {a, b} is an algebraically independent subset, by [10, 
Proposition 4] we have that b is weakly transcendental with respect to F(a, V). 
From this contradiction we have that {a, a + b} is an algebraically independent 
subset. The proof is complete. □ 

Definition 2.5. For x ^ A denote: 

— ^0 = F{x, V) is the subalgebra in A, generated by x and V; 

— Ai is the smallest regular subalgebra in A, contained Aq; 

— A2 is the closure of Ai by the metric p; 

— ^3 is the integral closure of A2', 

— Ax is the closure of ^3 by the metric p. 
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Lemma 2.6. // there is an element a ^ A weakly transcendental with respect to 
Kc(V) such that A = Aa, where Aa is the subalgebra constructed with respect to 
a by definition 2.5, then any 2-local derivation on A is a derivation. 

Proof. Let a be a weakly transcendental element with respect to /C(V) such 
that A = Aa and let A be a 2-local derivation on A. Since any derivation on 
regular commutative algebra A does not expand the support of elements (see [9, 
Proposition 2.3]), we have that s{A{x)) < s{x),x G A. 

Let us show that there exists a unique derivation D on A such that D{a) = 
A(a). First consider the trivial (identically zero) derivation D on A'(V). Since a is 
weakly transcendental with respect to -R'c(V) and s(A(a)) < s(a), [9, Proposition 
3.7] implies that D has a unique extension (which is also denoted by D) onto 
such thatD(a) = A(a); Further following [9, Proposition 2.5] we can extend D in 
a unique way onto Ai, and then by [9, Proposition 2.6 (vi)] it can be uniquely 
extended onto A2- Further, in view of [10, Proposition 2] D has a unique extension 
onto ^3; and finally, applying [9, Proposition 2.6 (vi)] once more we extend it 
(uniquely) onto Aa = A. 

Now let X be an arbitrary element from A. Since A is a 2-local derivation there 
is derivation 6 (depending on x and a) such that 

A(x) = 6{x), A(a) = 6{a). 

Thus 6 (a) = A(a) = D{a). Since D is a unique derivation on A with A (a) = -D(a), 
it follows that 6 = D. In particular, 

A(x) = S{x) = D{x), 

i.e. A = D. This means that A is a derivation. The proof is complete. □ 

Lemma 2.7. // there exist two algebraically independent elements a,b E A with 
s{a) = s{b), then the algebra A admits a 2-local derivation which is not a deriva- 
tion. 

Proof. Suppose that there exist algebraically independent elements a, b such that 
s(a) = s(6) = 1. Denote by Aa and Ab of the subalgebras in A, constructed with 
respect to elements x = a and x = b, respectively, by definition 2.5. 

Since a is a weakly transcendental element with respect to i^c(V), by [10, 
Proposition 2] there exists a derivation D on Aa such that A (a) = 1. Algebraically 
independence of the subset {a, b} and [10, Proposition 4] imply that & is a weakly 
transcendental element with respect to the subalgebra Aa- Therefore, again using 
[10, Proposition 2] we can extend the derivation D with value D{b) = 1 to the 
subalgebra generated by Aa and b. Now using [9, Theorem 3.1] we can extended 
the derivation D on whole A. Hence there is a derivation D on A such that 

D{a) = D{b) = 1. 

Now on the algebra A define the operator A as follows: 

A(x) = (caix) V eb{x))D{x), x e A, (2.1) 

where ea{x) (respectively eb{x)) is the largest idempotent such that ea{x)x G Aa 
(respectively eb{x) G Ab) (see Lemma 2.3). 
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Let us show that A is a 2-local derivation on A which is not a derivation. 
First we check that A is a 2-local derivation. 
Take x,y & A. Consider the following three cases. 
Case 1. ea{x) V efe(x) = 1, ea{y) V eb{y) = 1. Then 

A{x) = D{x), A{y) = D{y). 

Case 2. ea{x) V efe(x) = 0, ea{y) V eb{y) = 0. Then 

A(x) = 0, A{y) = 0. 

Therefore for trivial derivation Dq we have that 

A{x)=Do{x), A{y) = Do{y). 

Case 3. ea{x) V eb{x) = l,ea{y) V eb{y) = 0. Without loss generality we can 
assume that ea{x) ^ 0. Since ejyy) = 0, Lemma 2.3 implies that the element 
ea{x)y is weakly transcendental with respect to ea{x)Aa- Therefore by [9, Propo- 
sition 3.7] there exists a derivation Di on the subalgebra generated by ea{x)Aa 
and ea{x)y such that 

Di\e4x)Aa = D\e,{x)Aa^ Di{ea{x)y) = 0. 

Now by [0, Theorem 3.1] we extend this derivation on whole A, and denote the 
extension also by Di. 

Similarly there exists a derivation D2 on A such that 

D2\et(x)At = D\et(x)Ab^ ^2(efe(x)?/) = 0. 

Put Ds = ea{x)Di + ea{x)^D2. Then 

A(x) = D{x) = D{ea{x)x + ea{x)^x) = 

= ea{x)D{x) + ea{x)^D{x) = ea(x)Di(x) + eaix)^D2{x) = Dsix) 

and 

A{y) = = ea{x)Di{y) + eb{x)^D2{y) = D,{y). 

Thus 

A{x)=Dsix),A{y) = Dsiy). 
Now let X and y be arbitrary elements of A. Put 

ei = Caix) V efe(x), 62 = ea(?/) V eb(?/) 

and 

pi = ei A 62, P2 = ei A e^, ps = A ei, p4 = (ei V 62)"^. 

Then +P2 +P3 +P4 = 1- Consider the restriction A^ of the 2-local derivation A 
on piA, z = 1,4. The idempotents Cp.aipix) V Cp^bipix) and e^^aipiy) V ep,b{piy), 
corresponding to the elements pix and pi?/, by Lemma 2.3, with respect to the 
subalgebras piAp^^a, Pi-^pib are equal to pi {pi is the unit in piA). Therefore by 
the case 1 there exists a derivation Di on piA such that 

PiA{pix) = piDi{pix), piA{piy) = piDi{piy). 
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Similarly we consider the 2-local derivations and psA, which correspond 
to the case 3, and the 2-local derivation P4A which corresponds to the case 2. 
Take the corresponding derivations Di on PiA, i = 1,4 with 

PiA{pix) = piDi{pix), piA{piy) = piDiipiu). 

Put D^ = Di + D2 + A3 + D^. Then 

Now we show that A is not a derivation. It is sufficient show that A is not 
an additive. Indeed, by Lemma 2.4 the subset {a, a + 6} is an algebraically 
independent subset. Hence a + 6 is a weakly transcendental element with respect 
to the subalgebra generated by a and V. Thus ea(a + 6) = 0. In the same way we 
can show that eb{a + h) =0. Therefore 

A(a + h) = {ea{a + 6) V eb(a + h))D{x) = 0. 

On other hand, 

A(a) = A(6) = 1. 

Thus 

A(a) + A(6) ^ A(a + 6). 
The proof is complete. □ 

The following theorem the main result of this section. 

Theorem 2.8. Let A be a unital commutative regular algebra over C and let 
IX be a strictly positive countably additive finite measure on the Boolean algebra 
V of all idempotents in A. Suppose that A is complete in the metric p{a, b) = 
IJ,{s{a — b)), a,b E A. Then the following conditions are equivalent: 
i) any 2-local derivation on A is a derivation; 

a) either A = Kc{^) or there exists an element a weakly transcendental with 
respect to -K'c(V) such that A = Aa, where Aa is the subalgebra constructed with 
respect to a by definition 2.5. 

Proof, ii) ^ i). First let us consider the case when A = -ft'c(V). Since each 
derivation on i^'c(V) is identically zero, it follows that each 2-local derivation on 
A = -ft'c(V) is also trivial. Therefore every 2-local derivation on ^ is a derivation. 

Now suppose that there exists an element a E A weakly transcendental with 
respect to /^(V) such that A = Aa- Then by Lemma 2.6 each 2-local derivation 
on ^ is a derivation. 

i) =^ ii). Suppose that ii) is not true. Then A 7^ K^^V). For arbitrary x ^ 
A\K,{V) set 

e{x) = 1 - \/{e G V : ex G K,{V)}. 

Then 

ex ^A\KciV), VO ^ e < e{x). 

Denote 

et = \/{e{x)eV:xeA\K,{V)}. 

Then 

eiA = eiK,iV). (2.2) 
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Since V - is a Boolean algebra with a finite measure, there exists a sequence 
{e{xn)}n>i such that 

n>l 

Put 

ei = e(xi), en = e(x„) A (ei V ■ ■ ■ V e„_i)-^, n>2 

and 

n>l 

Then 

ext^^\JC(V), V0 7^e<et. 
Since we assumed that ii) is false, this implies that 

Take y E A\ Axf From (2.2) it follows that Cq = s{y) A 7^ 0. Denote 

a = eoXt, 6 = eoi/. 

Then s{a) = s{b). By construction b is weakly transcendental with respect to 
Axt, and hence [10, Proposition 4] implies that the set {a,b} is algebraically 
independent. Therefore there exist algebraically independent elements a,b E A 
such that s(a) = s{b). Thus Lemma 2.7 implies that the algebra A admits 2- local 
derivation which is not a derivation. The proof is complete. □ 

Now we can consider the problem of existence of 2-local derivations which are 
not derivations on algebras of measurable operators with respect to commutative 
von Neumann algebras. 

It is well known that if M is a commutative von Neumann algebra with 
a faithful normal semifinite trace r, then M is ^-isomorphic to the algebra 
L°°{Q) = L°°{Q, S, /i) of all essentially bounded measurable complex valued func- 
tion on an appropriate localizable measure space S, fi) and r(/) = J f{t)dfi{t) 

n 

for / G L°°{Q,T,, fi). In this case the algebra S{M) of all measurable operators 
affiliated with M may be identified with the algebra = L''(f2, S,/i) of all 

measurable complex valued functions on (fi, S,/i). In general the algebra S{M) 
is not metrizable. But considering f2 as a union of pairwise disjoint measurable 
sets with finite measures we obtain that S{M) is a direct sum of commutative 
regular algebras metrizable in the above sense (see Remark 2.2). Therefore using 
Theorem 2.8 we obtain the following solution of the problem concerning the ex- 
istence of 2-local derivations which are not derivations on algebras of measurable 
operator in the commutative case. 

Theorem 2.9. Let M be a commutative von Neumann algebra. The following 
conditions are equivalent: 

(i) the lattice P{M) of projections in M is not atomic; 

(ii) the algebra S{M) admits a 2-local derivation which is not a derivation. 
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Proof, i) =^ a). Suppose that P{M) is not atomic. Then the algebra S{M) 
contains a *-subalgebra B which is ^-isomorphic with the *-algebra L'^iO, 1) of all 
measurable complex valued functions on (0, 1). Without loss of generality we may 
assume that B contains the unit of S{M). By [10, Lemma 2] the algebra B contains 
algebraically independent elements a,b with s(a) = s{b) = 1. By [10, Theorem 
1] there exists a derivation D on B such that D{a) = 0, D{b) = 1. Following [9, 
Theorem 3.1] we extend D onto S{M), the extension is also denoted by D. 

Now let us show that {a,b} is an algebraically independent subset in S{M). 
Suppose the converse, i.e. {a,b} is not algebraically independent in S{M). Then 
by [10, Proposition 4] b is not weakly transcendental with respect to i?(a, V), 
where i?(a, V) is the smallest regular p-closed subalgebra in S{M), generated by 
a and V. This means that there exist an idempotent e with 7^ e < = 1 
such that eb is an integral element with respect to -R(a, V). Consider the sub- 
algebra F(e6, i?(a, V)), generated by eb and i?(a,V). Let 6 denote the trivial 
derivation on F(e6, i?(a, V)). By [9, Proposition 3.6] 6 is the unique derivation 
on F(e6, i?(a, V)) with S\fi(a,s7) = 0. Since D{a) = 0, it follows that -D|^(a v) = 0. 
Therefore 6 = -D|F(eb,_R(a,v))) and in particular, D{eb) = 0. This is a contradiction 
with D{eb) = eD{b) = e 7^ 0. This contradiction shows that {a,b} is an alge- 
braically independent set in S{M). Now Theorem 2.8 implies that the algebra 
S{M) admits a 2-local derivation which is not a derivation. 

ii) =^ i). Suppose that P{M) is atomic. Then by [10, Theorem 3.1] every 
derivation on S{M) is identically zero. Therefore each 2-local derivation on S{M) 
is also trivial, i.e. a derivation. The proof is complete. 



In this section we shall investigate 2-local derivations on matrix algebras over 
commutative regular algebras. 

As in the previous section let ^ be a unital commutative regular algebra over C 
and let /x be a strictly positive countably additive finite measure on the Boolean 
algebra V of all idempotents in A. Suppose that A is complete in the metric 
p(a, b) = ^{s{a — b)), a,b ^ A. 

It is well-known [9] that the algebra A admits a non-zero derivation if and only 



Let Mn{A) be the algebra of n x n matrices over A. We identify the center 
of the algebra Mn{A) with A. If Cij, i,j = l,n, are the matrix units in Mn{A), 
then each element x G Mn{A) has the form 



□ 



3. 2- Local derivations on matrix algebras 



if i^e(V) 7^ A. 



n 




Let 6 : A ^ Abe a. derivation. Setting 




(3.1) 
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we obtain a well-defined linear operator on the algebra Mn{A)- Moreover 
is a derivation on the algebra Mn{A) and its restriction onto the center of the 
algebra Mn{A) coincides with the given 5. 

Lemma 3.1. Let Mn{A) he the algebra ofnxn matrices over A. Every derivation 
D on the algebra Mn{A) can be uniquely represented as a sum 

D = Da + Ds, (3.2) 

where Da is an inner derivation implemented by an element a G Mn{A) while Dg 
is the derivation of the form (3.1) generated by a derivation 6 on A. 

In [1, Lemma 2.2] this assertion has been proved for the case of algebras 
A = L°(f2), but the proof is the same for general commutative regular algebras 
A. 

The proof of the following result directly follows from the definition of 2-local 
derivations. 

Lemma 3.2. Let B be an algebra with the center Z{B) and let A : B ^ B be a 
2-local derivation. Then 

(1) A{zx) = zA{x) for all central idempotent z G Z{B) and x E B; 

(2) A(x2) = A{x)x + xA{x) for all x e B. 

The following theorem the main result of this section. 

Theorem 3.3. Every 2-local derivation A : Mn{A) — ?■ Mn{A) is a derivation. 

For the proof of the Theorem 3.3 we need several Lemmata. 
For X G Mn{A) by Xij we denote the (i, j)-entry of x, i.e. euxcjj = XijCij, where 
1 < i, j < n. 

Lemma 3.4. For every 2-local derivation A on Mn{A) there exists a derivation 
D such that A{eij) = D{eij) for all i,j G l,n. 

Proof, (cf. [J-'), Theorem 3]). We define two matrices d,q & Mn{A) by 

n ^ n—1 
i=l i=l 

It is easy to see that an element x G Mn{A) commutes with d if and only if it is 
diagonal, and if an element u commutes with q, then u is of the form 



u 



V .... 

Take a derivation D on Mn,{A) such that 

A{d) = D{d), A{q) = D{q). 
Replacing A by A — D if necessary, we can assume that A{d) = A{q) = 0. 



/ Ui 


U2 


U3 


Un \ 





Ui 




■ Un-1 








Ui 


■ Un-2 








Ui U2 
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Let i,j G l,n. Take a derivation D = Dh + Ds represented as in Lemma 3.1 
and such that 

A(e,,) = D(e,,), ^{d)=D{d). 
Since A((i) =0 and Ds{d) = it follows that = Dh{d) = hd — dh. Therefore h 

n 

has diagonal form, i.e. h = ^ hiCa. So we have 

i=l 

In the same way starting with the element q instead of d, we obtain 

where u is of the above form, depending on e^j. So 

Since 
and 

it follows that A(ejj) = 0. The proof is complete. □ 

Further in Lemmata 3.5-3.12 we assume that A is a 2- local derivation on the 
algebra Mn{A), n> 1 such that A(ejj) = for all i,j G l,n. 



Lemma 3.5. For every x G Mn{A) there exist derivations 5ij : A ^ A, i, j E 1, n 
such that 

n 

^(^) = (3-3) 

Proof. Let -D^. g.^, be a derivation on Mn{A) such that 

A{x) = D^^e,^{x), A{eij) = D^^e,j{eij). 

Then 

-D x,eijiS^ ji^^ij) D x^djiS^ ~^ ji-D x,eijifiij) 

i.e. 

^ijA(^x^eij Sjii^Xji^e^j. 

Multiplying the last equality from the left side by Cji and from the right side by 
Cji we obtain 



^jjA(^x^Cii Sj^i^Xji^c 



for all i,j G l,n. Summing these equalities for all i,j G l,n we get 

n 

The proof is complete. □ 
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Lemma 3.6. Let 

n n 
^ ^ fi^ii^ y ^ ^ 9i^iiy 

1 = 1 4 = 1 

where fi,gi G A for all i G l,n. Then there exists a derivation 6 on A such that 

n n 

A(x) = ^U^)eu. A(y) = 5{g,)eu. (3.4) 

i=l i=l 

Proof. By (3.3) for i ^ j we obtain that 

A{x)i, = A{y)i, = 0. 

Take a derivation D on Mn{A) such that 

A(x) = D{x), A{y) = D{y). 

By Lemma 3.1 there exist an element a G Mn{A) and a derivation 5:^—7-^ 
such that D = Da + Ds- Then 

A{x)ii = D{x)ii = Da{x)ii + Ds{x)ii = 

= [ax - xa]ii + 6{fi) = 5{fi) 

and 

A{y)ii = D{y)ii = Da{y)ii + Ds{y)ii = 
= [ay - ya]ii + 5{gi) = 6{gi), 
because x, y are diagonal matrices and therefore 

[ax - xa]ii = [ay -ya]ii = 0. 

So 

n n 

A{x) = J]<5(/i)eii, A{y) = Y,^{gi)eu. 

i=l 1=1 

The proof is complete. □ 
Lemma 3.7. The restriction A|_4 is a derivation. 
Proof. Put 

n n 

X = ^feu, y = ^gcii, 

1=1 i=l 
n n 

z = ^if + g)eii, w = feu + ^ gen, 

i=l i=2 

where f,gEA. Using (3.4) we can find derivations S^^^, Sy^^, S^^w on Mn{A) such 
that 

n n n 

^(^) = Y^x,w{f)^ii^ My) = YSv,wi9)eiu A(z) = ^SzAf + 9)eii, 

i=l 1=1 i=l 

n 

A{w) = 5x,«;(/)eii + YS:,;^w{g)eii = 

1=2 
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n n 



i=2 



Then 



A{x + y) = A{z) = J2 KM + 9)en = 

i=l 

n n 

i=l i=l 
n n 

Sx,w{f)eii + ^ 5y^n,{g)eii = A(x) + A{y). 



i=l 1=1 



Hence 



A{x + y) = A(x) + A{y). 

So the restriction of A on the A is an additive and therefore, A|_4 is a hnear 
Jordan derivation on A in the sense of [11]. In [11, Theorem 1] it is proved that 
any Jordan derivation on a semi-prime algebra is a derivation. Since A is regular, 
it is obviously semi-prime, and therefore the linear operator A|_4 is a derivation 
on A. The proof is complete. □ 

Further in Lemmata 3.8-3.12 we assume that A|_4 = 0. 

Lemma 3.8. Let 

n 
i=l 

where fi & A, 1 < i < n. Then A{x) = 0. 

Proof. We fix a number k and take the element y = fk- By Lemma 3.6 there 
exists a derivation 6 on A such that 

A{x) = Ds{x), A{y) = Ds{y). 
Since A{y) = it follows that 

= A(y)n = 

i.e. S{fk) = 0. Further 

Aix)kk = 6ifk) = 0. 

Since k is an arbitrary number, it follows that A(x) = 0. The proof is complete. 

□ 

In Lemmata 3.9-3.11 let x be an arbitrary element from Mn{A). 



Lemma 3.9. A{x)kk = for every /c G l,n. 
Proof. We take an element 



n 



2=1 
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where fi = x^ki fi^A,2<i<n, s{fi — fj) = 1, i j. Choose a derivation 
D = Da + Ds such that 

A{x) = D{x), A{y) = D{y). 

By Lemma 3.8 we get A(y) = 0. Then 

= A{y)u = Da{y)u + Dsiy)n = 

= [ay - ya]u + 6{xkk) = On/i - /ifln + Sixkk) = S{xkk), 
i.e. S{xkk) = 0. If z 7^ j then 

Hy)ij = ifi - 

Therefore 

{fi - fMij = 0. 

Since s{fi — fj) = 1 it follows that fljj = 0. So a has a diagonal form, i.e. 

n 

a = ^aiieii. (3.6) 

i=l 

Thus 

A{x)kk = [ax - xa]kk + S{xkk) = 

= ClkkXkk — XkkO-kk = 0, 

i.e. 

A{x)kk = 0. 

The proof is complete. □ 

In following two lemmata we assume that the indices i and j are fixed. 
Lemma 3.10. If Xji = l{i ^ j) then A{x)ij = 0. 

Proof. Choose an element y G Mn{A) of the form (3.5) with /i = Xij and a 
derivation D = Da + Ds such that 

A(x) = D{x), A{y) = D{y). 

Since A{y) = it follows that a has the form (3.6) and 6{xij) = 0. Then 

A{x)ji = {ajj - aii)xji + 6{xji) = {ajj - an) + 6{1) = ajj - an, 

i.e. 

A(^x)ji ajj Q/jj. 
On the other hand by the equality (3.3) we have that 

A{x)ji = Sjiixji) = 6ji{l) = 0. 
Thus ajj = an. Since S{xij) = it follows that 

A{x)ij = {an - ajj)xij + 5{xij) = 0, 
i.e. A{x)ij = 0. The proof is complete. □ 
Lemma 3.11. If i ^ j then A{x)ij = 0. 
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Proof. We take the element y G Mn{A) such that yks = Xks if {k, s) 7^ (j, i) and 
yji = 1. Then by Lemma 3.10 it follows that ^{y)ij = 0. 
Consider a derivation D = Da + Ds on Mn{A) such that 

A(x) = D{x), A{y) = D{y). 

Then 

n 

and 

n 

By construction yks = Xks for all (/c, s) 7^ (j, z), and therefore 

But A(?/)jj = 0, then A(x)jj = 0. The proof is complete. □ 

Now Lemmata 3.9 and 3.11 implies the following 

Lemma 3.12. A = 0. 

Proof of the Theorem 3.3. Let A be an arbitrary 2-local derivation on Mn{A). 
By Lemma 3.4 there exists a derivation D on Mn{A) such that 

(A-Z})(e,,) = 

for all i,j G 1, n. Therefore by Lemma 3.7 6 = (A — is a derivation. Consider 
the 2-local derivation Aq = A—D—Ds. Then Ao(ejj) = for all i,j and Ao|^ = 0. 
Therefore by Lemma 3.12 we get Aq = 0, i.e. A = D + Ds- Thus A is a derivation. 
The proof is complete. 

Let M be a von Neumann algebra and denote by S{M) the algebra of measur- 
able operators affiliated with M, and by LS{M) the algebra of locally measurable 
operators affiliated with M. If M is of type l^o we have proved in [S] that every 
2-local derivation on LS{M) is a derivation. Theorem 3.3 enables us to extend 
this result for general type I case. 

Let M be a von Neumann algebra of type I„ {n>2). Then LS{M) = S{M) is 
*-isomorphic with the algebra Mn{A), where A = L^{Q) for an appropriate mea- 
sure space {Q, S, /i). Therefore each 2-local derivation on LS{M) is a derivation. 
If M is an arbitrary finite von Neumann algebra of type I without abelian direct 
summands, then there exists a family {zn}n>2 of central projections from M with 
sup2;„ = 1, such that the algebra M is ^-isomorphic with the C*-product of von 
Neumann algebras z^M of type I„, respectively {n = 2, 3, ...). By [1, Proposition 
1.1] we have that 

LS{M) = S{M) = H S{znM) ^ W M„(LO(f]„)), 

n>2 n>2 

for appropriate measure spaces (fi^, n>2. Since each 2-local derivation 

on each M„(L°(f2„)) is a derivation, Lemma 3.2 (1) implies 
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Theorem 3.13. Let M be a finite von Neumann algebra of type I without abelian 
direct summands. Then every 2-local derivation on the algebra LS{M) = S{M) 
is a derivation. 

Now combining this theorem with the mentioned result of [8] we obtain 

Corollary 3.14. If M is a type I von Neumann algebra without abelian direct 
summands then every 2-local derivation on the algebra LS{M) is a derivation. 

Remark 3.15. The main results of the previous Section 2 (see Theorem 2.9) show 
that in the abelian case (i.e. for commutative von Neumann algebras) the proper- 
ties of 2-local derivations on the algebra LS{M) = S{M) are essentially different. 
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